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ABSTRACT
A periodic layer of resonant scatterers is considered in the dipolar approximation. An asymptotic expression for
the field diffracted is given in terms of an impedance operator. It is shown that surface Bloch modes appear as
a collective effect due to the resonances of the scatterers.
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1. INTRODUCTION
Some recent works have shown the interest of considering periodic sets of scatterers forming a two-dimensional
pattern on a surface in the low frequency regime. Such structures are called “metasurfaces”.1 In this context, we
study the field diffracted by a periodic set of linear nano resonators electromagnetically characterized by their
scattering matrix S. We are interested in the regime where the dipolar approximation is valid, but it is assumed
that the nano resonators have their internal resonances at wavelengths large enough to lie in this regime. Possible
realizations of this model comprises dielectric nano wires with a large enough index (and resonances are Mie-like
resonances) or nano-wires doped with quantum dots. We proceed to an asymptotic analysis2 that generalizes the
homogenization regime.3–7 The field diffracted by the structure is derived and it is shown that it is characterized
by an impedance operator. It therefore behaves as a “metasurface”.
2. EXPRESSION OF THE FIELD DIFFRACTED BY THE META SURFACE
The structure under study (cf. fig. (1)) is made out of an infinite number of resonant scatterers periodically
disposed at points x = pd, y = 0, d is the period and p ∈ Z. Each scatterer at position Mp is characterized in the
frequency domain by a scattering matrix S(ω) with a non-null component along Oz only. The system essentially
responds to fields electrically polarized along Oz (E|| case of polarization). We therefore consider the case of a
E|| polarized incident electric field Eie−iωtez. In order to provide a modal analysis, the incident field is further
Fourier transformed along x, so that the incident field is a plane wave U i(x, y) = eikx±βy, where k = k0 sin θ
where θ is an angle of incidence and k0 =
ω
c .
For one scatterer alone, the incident field gives rise to a field Usp (M) =
∑
n s
p
nϕn(M −Mp) where (spn)n =
S(ω)U i(Mp) and ϕn(r, θ) = H
(1)
n (k0|r|)einθ, where H(1)n is the nth Hankel function of order 1. For the infinite
set of scatterers, this gives a diffracted field that reads as:
Us(M) =
∑
p,n
spnϕn(M −Mp). (1)
Multiple scattering theory allows to write that for p = 0: (s0n)n = [1− S(ω)Σ(ω, k)]−1 S(ω)U i(M0), where the
lattice sum8 Σ is given by: Σ(ω, k) =
∑
m 6=n
Tnm(s
m
l )l, and Tnm is a matrix that can be expressed in terms of
Hankel functions.9
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Figure 1. Sketch of the structure under study.
As the incident field is pseudo-periodic, i.e. U i(Mp) = e
ikdU i(Mp−1), then it holds: Σ(ω, k) =
∑
m6=0
eikmT0m,
k ∈ [−pid , pid ]. Denoting β0(ω, k) =
√
k20 − k2, βn(ω, k) = β0(ω, k + n 2pid ) and kn = k + n 2pid , the scattered field
can then be written as a Rayleigh series:
Us(x, y) =
∑
n
Usne
i(knx+βn(ω,k)|y|) , (2)
where Usn =
2
d
∑
l s
0
l φˆl(k +
2pin
d ), ·ˆ denotes the Fourier transform along x and Poisson formula was used.
The grating can be characterized by the transfer operator:10–12 T (Es)(x, y) = Es(x, y + h). In the following
an asymptotic (h/λ → 0) form of this transfer operator is derived. In the limit where the scatterers are very
small as compared to the wavelength, the scattering matrix S(ω) reduces to a scalar matrix S0(ω): the scatterers
are thus dipoles with a dipole moment along ez. In that case, one obtains:
s00(ω, k) = [1− S0(ω)Σ0(ω, k)]−1 S0(ω), (3)
where the series Σ0 can be written:
13,14
Σ0(ω, k) =
∑
m6=0
eikmdH0(k0|m|d) = −1− 2i
pi
γ +
2i
pi
ln
(
4pi
k0d
)
+
2
dβ0(ω, k)
(4)
+
2
d
∑
n>0
(
1
βn(ω, k)
+
1
β−n(ω, k)
− d
ipi|n|
)
. (5)
Because the only relevant coefficient is s00, the grating reduces geometrically to the line y = 0. The scattered
field (2) simplifies to the following form:
Us(x, y;ω, k) =
2s00(ω, k)
d
∑
n
1
βn(ω, k)
ei(knx+βn(ω,k)|y|). (6)
In that expression, there are several propagative waves as well as evanescent waves. The propagative waves
correspond to the βn’s that are real. We denote by U = {n ∈ Z, βn ∈ R+} the set of indices “n” corresponding
to propagating waves (the diffractive orders of the grating). We are therefore not in the homogenization regime
where k0d 1 and hence there can be several reflected and transmitted orders.
The total electric field reads as:
U(x, y) = ei(αx−β0y) + Us(x, y). (7)
The conservation of energy leads to the following relation (valid above the light cone, i.e. for real β0):
|r|2 + σU <(r) = 0, for β0 ∈ R+,
where: σU = (1 +
∑
n∈U
n 6=0
1
βn
)−1 and r(ω, k) = 2s
0
0(ω,k)
dβ0(ω,k)
. Therefore, above the light cone, r has the following form:
r(ω, k) = −σU 1
1+iσU
=(r)
|r|2
.
The boundary conditions at y = 0 are:
[U(x, 0+)− U(x, 0−)] = 0,
[
∂U
∂y
(x, 0+)− ∂U
∂y
(x, 0−)
]
= V (x) ,
where:
U(x) =
∑
n
Usne
iknx, V (x) = 2
∑
n
iβnU
s
ne
iknx (8)
These conditions can be rewritten conveniently in the operator form:(
1 0
Z 1
)
F+ = F− , (9)
where: F+ =
(
U(x, 0+)
∂U
∂y (x, 0
+)
)
, F− =
(
U(x, 0−)
∂U
∂y (x, 0
−)
)
and the impedance operator is defined by:
U(x) = Z [V (x)] . (10)
Conversely, an admittance operator can be defined by: V (x) = Y [U(x)]. The operator
(
1 0
Z 1
)
is the transfer
matrix of the meta surface. In the homogenization limit of large wavelength k0d 1, there is only one propagative
wave in (6) which then reads as: r(ω, k)eikx+β0y. For the propagative part of the field, i.e. if the evanescent field
is not taken into account, the transfer operator reduces to a simple 2× 2 matrix:
T =
(
1 0
2iβ0r 1
)
3. SCATTERING PROPERTIES OF THE META SURFACE
3.1 Asymptotic form of the scattering matrix of the nano-wires
The scattering matrix of the nanowires reduces to a single coefficient s0 in the low-frequency limit. Independently
of the nature of the nano wires, the coefficient s0 has a specific form, that originates in energy conservation.
Indeed, from the optical theorem,15 the following relation holds: |s0|2 + <(s0) = 0. From this, we deduce the
following form of s0:
s0(ω) =
−1
1 + iχ(ω)
, (11)
where: χ(ω) = =(s0)|s0|2 .
We are interested in the resonances that can be supported by the wires, therefore high permittivity values
are assumed, so that the condition k0
√
εa 1 does not hold. In that situation, the asymptotic study of the 0th
order scattering matrix is best done by choosing two independent set of variables: ζ = k0a and ξ = k0
√
εa. For
Figure 2. Modulus of the scattering coefficient S0 as a function of ζ and ξ.
circular nanowires, the expression of S0 is: S0(ζ, ξ) =
−1
1+iχ(ζ,ξ) , where: χ(ζ, ξ) =
Y0(ζ)
J0(ζ)
F (ξ)−G(ζ)
F (ξ)−F (ζ) , and F (ξ) =
− J1(ξ)ξJ0(ξ) , G(ζ) =
Y1(ζ)
ζY0(ζ)
. The modulus of S0(ζ, ξ) is plotted in fig. 2. It can be seen that there are resonances
linked to the existence of open cavity modes in the wires. They are distributed along lines that appear in yellow
in the figure. When the parameter ζ is very small, i.e. when the radius of the wire is very small with respect
to the wavelength, it can be seen that the resonances are distributed asymptotically along straight lines ξ = cst.
The resonances are therefore asymptotically invariant under the set of transform fη(a, ε) = (ηa,
ε
η2 ), η > 0.
Introducing the dimensionless parameter η leads to the asymptotic form: s0 ∼ η
2ζ2
η2ζ2+ 2ipi
ξJ0(ξ)
J1(ξ)
. This shows that
the resonances of s0 are perturbations to the closed cavity modes given by a Dirichlet condition on the boundary
of the nanowire, that is, the zeroes of J0 for a circular cross section.
3.2 Bloch modes of the meta-surface
The Bloch modes that can exist in the structure16 are obtained as solutions of the electric field in the absence of
an incident field. As the dressed scattering coefficient s00 is given by (3), a non-null coefficient implies a pole of
s00. It is interesting to remark that such a pole cannot be one of S0, because near a pole of S0, one has: s
0
0 ∼ −1Σ0
which is bounded. Therefore, modes correspond to zeroes of 1 − S0Σ0. The dispersion relation is therefore the
set of couples (ω, k) ∈ R+×]− pid , pid ] such that:
S0(ω)Σ0(ω, k) = 1 . (12)
All these modes are necessarily situated below the light cone, as the scattering of a propagating wave is a
well-posed problem.
There are two families of Bloch modes. The first one corresponds to the modes that exist in the absence of
resonances of the dipoles, i.e. when S0(ω) does not have poles. In that case: S0(ω) ∼ Ck20 and the expression
(4) for Σ0 together with an asymptotic analysis of this series
13 allows to write the following estimate:
2
d
∑
n>0
(
1
βn
+
1
β−n
− d
ipi|n|
)
= O[(k0d)
2] (13)
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Figure 3. The dispersion curve for the Bloch modes in the absence of resonances. The light cone is depicted in red.
This leads to the following crude approximate form Σ0 ∼ 2dβ0(ω,k) , from which we derive the following approximate
dispersion relation near the Γ point:
k0 ∼ d
2
√
2C
√
1 +
√
1− 16C
2
d2
k2
This family of Bloch modes is illustrated in fig.3.
The second family corresponds to Bloch modes which arise from the resonances of each dipole, forming bands
due to the coupling between them, leading to spatial dispersion.16 The particular form (11) of S0, which results,
as it has already been said, from energy conservation, has important consequences: if S0 had no zero then χ
would be bounded and by Liouville theorem it would be constant. If χ had no zero, then by considering (1−S0)−1
we would conclude that S0 is constant. Consequently, χ(ω) has, locally, the form χ(ω) =
ω−ωz
ω−ωpG(ω), where G
is regular, and therefore: S0(ω) = −
(
1 + iω−ωzω−ωpG(ω)
)−1
. As a rule, poles are therefore associated with zeros.
In that case, near a resonance, one has in the vicinity of a pole ωp of S0(ω): S0(ω) ∼ κω−ωzω−ωp and the dispersion
relation becomes:
κ× (ω − ωz)Σ0(ω, k) = ω − ωp.
Because Σ0(ω, k) is singular along ω = k0 c, the dispersion curve has to end at the point (
ωz
c , ωz). The collective
modes are therefore linked to the zeros of S0(ω) rather than the poles, although both are tightly connected as
proven above. This is illustrated in fig. 4 where we have plotted the dispersion curves when several resonances
are present. In fig.5, we have plotted the modulus of S0(ω). It can be verified that the dispersion curves end on
the light cone at the zeros of S0(ω).
3.3 Scattering of an incident plane wave
As it was demonstrated above, the field diffracted for an incident plane wave is given by eq. (6). The Poynting
vector P is given, up to an irrelevant factor, by: =(U∇U¯). Considering a horizontal segment situated at y = y0
and extending over one period, the flux Φ of P through this segment normalized by the flux Φi of the Poynting
vector of the incident field is given by:
Φ
Φi
= −1 + 4|s
0
0|2
d
∑
n∈U
1
βn
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Figure 4. The dispersion curve of the Bloch modes when several resonances are present.
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Figure 5. Modulus of the scattering coefficient S0.
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Figure 6. Energy diffracted in the different refracted orders for resonant scatterers.
This shows that the reflected efficiencies (in the meaning of grating theory10,11) are en =
4|s00|2
dβn
. In fig. 6, we
have plotted the energy in the diffracted orders for an incident plane wave in normal incidence. It can be seen
there that, when there is one diffracted order only (i.e. λ ≥ 2d), the overall structure retains the zeros of the
scattering coefficient but also that it is perfectly reflective at wavelengths close to that where the modulus of
the scattering coefficient S0 is equal to 1. For smaller wavelength, other diffracted orders appear. In the region
where there are 2 orders, it can be seen that the efficiencies are sharply peaked and that these orders transport
about the same energy. The meta surface has therefore the capacity of refracting (or transmitting) energy in two
different directions with the same efficiency. Moreover, the wavelength at which this transfer takes place can be
tailored by modifying the properties of the nano-wires. In fig. (7) we have plotted the efficiencies in the situation
of a meta surface made of non resonant scatterers. When there is only one reflected order, the phenomena of
complete reflection and complete transmission are still present.
4. CONCLUSION
We have described an approach to the asymptotic description of a one dimensional metasurface consisting in
replacing a grating of nano wires by an impedance condition. This led to an explicit form of the transfer matrix
and fine results on the Bloch modes, with the evidence of the existence of bands linked to collective resonances
propagating along the surface. It would be possible to generalize the study to non-periodic, for instance quasi-
periodic, structures.17 This asymptotic study could also be extended to deal with the new emerging field of
quantum metamaterials,19 as for periodic atomic lattices,20,21 with the study of the strong coupling regime of
an emitter with the Bloch modes along the metasurface.18 Moreover, the impedance matrix formalism presented
here could be used to study out-of-equilibrium properties:22 an interesting direction of research would be the
study of the quantum thermalization mecanism for a quantum system close to such a meta surface.23–26 This
opens the way to thermal control by means of meta surfaces.
Acknowledgments
The financial support of the Agence Nationale de la Recherche through grant 060954 OPTRANS is acknowledged.
D. Felbacq is a member of the Institut Universitaire de France.
0 2 4 6 8 10 12 14 160
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
k0 × d
en
 
 
e0
e1
e2
Figure 7. Energy diffracted in the different refracted orders for non resonant scatterers.
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